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Abstract. Frequency and rotational splittings of the solar f-
modes are estimated from the GONG data. Contrary to ear-
lier observations the frequencies of f-modes are found to be
close to the theoretically computed values for a standard solar
model. The f-mode being essentially a surface mode is a valu-
able diagnostic probe of the properties of the solar surface, and
also provides an independent measure of solar radius. The es-
timated solar radius is found to be about 0.03% less than what
is traditionally used in construction of standard solar models.
If this decrease in solar radius is confirmed then the current
solar models as well as inversion results will need to be revised.
The rotational splittings of the f-modes yield an independent
measure of the rotation rate near the solar surface, which is
compared with other measurements.
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1. Introduction
The frequencies and splittings of the solar p-modes have been
extensively and profitably used in helioseismic analysis to infer
conditions in the solar interior. The f-mode which is essentially
a surface mode has also attracted attention because of the re-
ported difference in the frequency between the observed value
and that computed for a solar model (Libbrecht, Woodard &
Kaufman 1990; Bachmann et al. 1995). Since frequencies of the
f-mode are essentially independent of the stratification in the
solar interior, they can provide a diagnostic of flows and mag-
netic fields etc. present in the near surface regions (Murawaski
& Roberts 1993; Rosenthal & Gough 1994; Ghosh, Chitre &
Antia 1995; Rosenthal & Christensen-Dalsgaard 1996). These
frequencies can also provide an accurate measure of solar ra-
dius.
The amplitudes of f-modes are very low, and consequently,
the frequencies have so far been measured only at high degree
where there is sufficient power. These frequencies probably suf-
fer from systematic errors (Antia 1996), presumably because
of ridge fitting techniques adopted in data reduction. It may
also be noted that for the f-mode, horizontal and vertical com-
ponents of velocity are comparable in magnitude and the usual
assumption in spatial filtering about velocity being predomi-
nantly vertical is untenable. Systematic errors introduced be-
cause of this assumption have perhaps not been estimated.
However, with the good quality data now available from the
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GONG network (Hill et al. 1996) and the MDI project (Koso-
vichev and Schou 1997), it is possible to detect the fundamental
mode down to approximately ℓ = 100, where ℓ is the degree
of the mode. The advantage with the GONG and MDI data
is that they provide information about individual modes and
hence ridge fitting is not involved. Thus we can expect the
systematic errors in the estimated frequencies to be much less.
Rest of the paper is organized as follows: In section 2, we
describe the results obtained for the frequencies of the f-mode
from the GONG data including the estimate of solar radius,
while section 3 describes the results for splitting coefficients
for the f-modes and the surface rotation rate as inferred from
them. Finally, section 4 summarizes the main conclusions from
this study.
2. the f-mode frequencies
To determine the frequencies of f-modes from GONG power
spectra it is best to use the rotationally corrected m-averaged
power spectra; because of addition of spectra for all value of
m the signal to noise ratio is improved and it is possible to
identify the f-mode peaks without much difficulty for ℓ > 100.
We use the GONG month 4 power spectra because these were
available for ℓ = 0–250. From these m-averaged spectra the
frequencies have been found using the standard peak-finding
technique in the GONG pipeline (Anderson, Duvall & Jefferies
1990).
The results for modes with radial harmonic number n = 0–
3 are shown in figure 1. Although in this work we are mainly
interested in the f-mode (n = 0), results for other n’s are also
included to show the gradual variation in results with n. These
figure shows the difference between the observed frequencies
and those of a standard solar model. Further, in order to esti-
mate systematic errors between different observations we have
included observed frequencies from the BBSO data (Libbrecht,
Woodard & Kaufman 1990) as well as the HLH data (Bach-
mann et al. 1995). The BBSO data falls in two categories one
for ℓ ≤ 140 where the frequencies have been determined by
fitting individual peaks, similar to what is done for the GONG
data, and the second set for higher ℓ where the frequencies
have been computed by a ridge fitting technique. The HLH
frequencies have all been computed using ridge fitting. It is
clear from the figure that for n = 0 and 1, there are signif-
icant differences between the frequencies computed by fitting
individual modes and those from ridge fitting. Further, the fre-
quencies from GONG and BBSO (ℓ ≤ 140) data are very close
2Fig. 1. Difference between various observed frequencies and those of a standard solar model for n = 0–3 as a function of degree ℓ.
to those of the standard solar model, while those from ridge
fitting techniques are systematically different. The difference
between different data sets reduces as one goes to higher val-
ues of n. The thickness of the ridges in these figures should give
an estimate of statistical errors in observed frequencies and it
is clear that the errors in GONG data are much less than those
in HLH data.
The f-mode frequencies from GONG data are close to those
computed with a standard solar model and various mechanisms
invoked to explain the reported differences between the ob-
served and computed frequencies may not be necessary. Of
course, we still do not have reliable results at high degree and
only better data from MDI or a reanalysis of HLH data would
be able to resolve the question whether there is indeed any
significant difference between the observed and computed fre-
quencies. From Figure 1, it appears that there is still a small
difference of the order of 0.5 µHz between the observed and
computed frequencies.
From the behavior of systematic error with n it appears
that the neglect of horizontal component of velocity in spatial
filtering is a possible cause for the systematic differences. From
the computed eigenfunction we can obtain the ratio of the hor-
izontal to vertical component of velocity at the photosphere.
This ratio is unity for n = 0, between 0.4–0.5 for n = 1, be-
tween 0.24–0.32 for n = 2 and between 0.15–0.25 for n = 3.
The influence of horizontal component of velocity on ridge fit-
ting techniques needs to be further studied. It may be noted
that for the p-modes the ratio of horizontal to vertical veloc-
ity will be a function of frequency and as such spatial filtering
could introduce asymmetry in the peaks thus causing a shift in
Fig. 2. ω2/gk for the f-mode in a solar model (solid line) are com-
pared with observed values represented by crosses.
the frequency when symmetric profiles are fitted (Kosovichev
et al. 1997).
3In the ridge fitting techniques where the ℓ± 1 leaks in the
power spectra are not resolved the systematic errors are found
to be of the order of frequency separation (νl+1,n,m − νl,n,m).
Thus in the GONG data where the m ± 2 leaks are not re-
solved we may expect systematic errors of the order of separa-
tion between these peaks, which is consistent with the actual
difference of the order of 0.5µHz seen between the observed and
computed frequencies for a solar model. Thus it is possible that
this difference is again due to systematic errors in observed fre-
quencies. However, in that case the frequency difference would
be independent of ℓ, but the actual difference is more or less
proportional to the frequency. It thus appears unlikely that
most of the difference could be accounted for by systematic
errors in measured frequencies. Hence in the following section
we neglect the possibility of unknown systematic errors and
investigate the consequences.
Fig. 3. The ratio of observed and model frequencies for f-modes.
The horizontal line defines the average over all modes.
2.1. Estimate of solar radius
The frequencies of f-modes are asymptotically expected to sat-
isfy the simple dispersion relation, ω2 = gk, where g is the ac-
celeration due to gravity at the surface and k =
√
ℓ(ℓ+ 1)/r
is the horizontal wave number. Figure 2 shows the quantity
ω2/gk for a solar model and for the corresponding GONG fre-
quencies. It is clear that although both follow the same trend,
there are some systematic differences between the two. The
systematic trend away from unity at lower degree is due to the
fact that the peak in kinetic energy density associated with
f-mode shifts inwards with decreasing degree and thus these
modes are effectively localized somewhat below the solar sur-
face, where gk would be larger. This arises because although
the velocity falls off exponentially with increasing depth, the
density increases very rapidly just below the solar surface. As
a result, the kinetic energy density increases until the den-
sity scale height becomes comparable to velocity scale height
(1/k). Figure 3 shows the ratio (ωobs/ωmodel) and it is clear
that this ratio is more or less constant within the expected er-
rors. Moreover it is significantly different from unity, with the
average ratio being 1.000437 ± 0.000005. The simplest expla-
nation for this difference in frequencies would be an error in
the assumed radius of the solar model. In order to explain the
observed discrepancy the solar radius will need to be decreased
by about 0.029% or about 203 km, which is perhaps somewhat
larger than the quoted uncertainty of 70 km in the radius.
However, there is a significant variation in measured value
of the solar radius, both with time and with different obser-
vational techniques (Laclare et al. 1996). Thus a reduction of
203 km in present solar radius cannot be ruled out. Of course,
some of the difference could arise from the assumed definition
of solar radius. For the present study, the solar model was con-
structed with a radius of 6.9599× 105 km, and the radius was
defined as the radial distance at which the temperature equals
the effective temperature. This point would be about 50 km
above the level where the optical depth equals unity. However,
the definition of radius as used by observers is quite different
as they measure the distance to the inflection point of the limb
intensity profile, which probably occurs at a much lower op-
tical depth. Wittmann (1974) has estimated this point to be
340 km above the level where optical depth is unity. Thus, the
reduction by 203 km in solar radius suggested by the f-mode
frequencies appears to be roughly consistent with the standard
value of radius.
Of course, there could be other sources to explain the differ-
ence between observed and model frequencies, (Murawaski &
Roberts 1993; Rosenthal & Gough 1994; Ghosh, Chitre & An-
tia 1995; Rosenthal & Christensen-Dalsgaard 1996) but these
will again yield a different behavior of differences with ℓ. Since
the observed relative difference is essentially independent of ℓ,
even when ℓ varies by more than a factor of two, it appears
that a dominant contribution to this difference is coming from
the error in radius. With the quality of data presently available
it does not appear to be possible to separate out the contribu-
tions from various possible sources to the measured frequency
differences. In any case before the f-mode frequencies can be
used to draw inference on any of these effects it is essential to
determine the solar radius correctly.
With better data on the f-mode becoming available, it may
be possible to estimate the value of solar radius more accu-
rately as also its possible variation with solar cycle. Since the
frequencies of these modes can be determined to a relative ac-
curacy of 10−5, in principle, it would be possible to determine
the solar radius to much better accuracy.
It may be noted that most of the current standard solar
models (e.g., Christensen-Dalsgaard et al. 1996) use the stan-
dard value of solar radius with the surface defined at a level
where optical depth is between 1 and 1/3 and thus these mod-
els need to be revised. Similarly, most helioseismic inversions
assume a similar definition of solar radius and will also need to
be revised. In order to estimate the possible errors due to un-
certainty in radius we have tried helioseismic inversions for the
sound speed using the GONG months 4–10 data with differ-
ent estimates of radius. For this purpose we use a regularized
least squares technique (Antia 1996) with two different refer-
ence models M0 and M1, using identical physics and identical
composition profiles but with radius 695990 and 695780 km
4Fig. 4. The relative difference in sound speed between the Sun and
model M1 as inferred by helioseismic inversions using two different
estimates for radius. The continuous and dashed lines show the result
using R⊙ = 695780 and 695990 km respectively. The dotted lines
represent the 1σ error limits on these inversions.
respectively. In order to compare the two results the relative
difference with respect to the reference models is converted to
that with respect to model M1 and the results are shown in
Figure 4. This figure shows the relative difference taken at the
same fractional radius. It is clear that the difference caused
due to a change of radius by 210 km, is much more than the
estimated errors in helioseismic inversions over most of the so-
lar interior. Clearly, we need an accurate measure of the solar
radius in order to infer the conditions in solar interior accu-
rately.
3. The f-mode splitting coefficients
Apart from the frequencies it is also possible to estimate the
rotational splitting coefficients for the f-modes. For this pur-
pose we have used the results from GONG spectra averaged
over several months, which are available up to ℓ = 150 only.
We attempt to calculate the mean frequency and the first five
splitting coefficients, using a least squares fit to polynomials of
Ritzwoller and Lavely (1991),
νnℓm = νnℓ +
5∑
i=1
ci,nℓγi,ℓ(m), (1)
where, γi,ℓ(m) are the polynomials defined by Ritzwoller &
Lavely, νnℓ is the mean frequency and ci,nℓ are the splitting
coefficients.
Since all the f-modes are restricted to a narrow region just
below the surface, we would expect the splitting coefficients
to be roughly independent of ℓ. Thus it is possible to take
Table 1. Mean Rotational Splitting coefficients for f-modes
Months 4–7 Months 4–8 Months 4–10
c1 895.4 ± 0.6 895.5 ± 0.5 895.1 ± 0.3
c2 −0.041 ± 0.010 −0.007± 0.010 0.003 ± 0.004
c3 −18.4± 0.4 −18.5± 0.4 −18.8± 0.2
c4 −0.009 ± 0.012 −0.003± 0.013 0.005 ± 0.006
c5 −1.8± 0.3 −1.0± 0.4 −1.7± 0.2
Fig. 5. The solar surface rotation rate as inferred from the f-mode
splittings (solid line) is compared with other measurements. The
dotted lines represent 1σ errors in the rotation rate, while the
short dashed line represents the surface rotation rate as inferred by
Doppler shifts (Snodgrass 1992) and the long dashed line represents
the surface rotation rate as inferred by inversion of GONG months
4–10 data
mean of all these values and obtain more accurate splitting
coefficients. The average values for the first five coefficients
are listed in Table 1, which shows the results obtained using
different averaged spectra. It can be seen that the three results
are reasonably close to each other.
Since the f-modes are confined to layers immediately below
the solar surface, we would expect that the splitting coefficients
would directly give the corresponding components of the rota-
tion rate. The results using the coefficients as determined from
the GONG months 4–10 data are shown in Figure 4, which also
shows the solar surface rotation rate as inferred from doppler
measurements (Snodgrass 1992). This is consistent with the
results obtained from MDI data (Kosovichev & Schou 1997).
This figure also shows the surface rotation rate as inferred by
proper inversion of all splitting coefficients from the GONG
months 4-10 averaged spectra. It can be seen that the inverted
rotation rate is fairly close to that inferred directly from the
f-mode, and further some of the difference is due to inclusion
of higher coefficients in inversion (i.e., c7 – c35). From this fig-
5ure it is clear that there is a reasonable agreement in surface
rotation rate inferred from various techniques, though the dif-
ferences are possibly larger than estimated errors.
4. Conclusions
The frequencies of the solar f-mode as determined from the
GONG power spectra for 100 ≤ ℓ ≤ 250 are reasonably close
to those of a standard solar model and it appears that a signif-
icant fraction of the discrepancy noted in earlier observations
is due to systematic errors in estimating the frequencies from
the observed power spectra. Large horizontal component of ve-
locity for the f-mode could be a possible source of systematic
errors in observed frequencies, which needs to be investigated.
There is still some difference between the observed and theo-
retical frequencies of the f-mode at the level of 0.5 µHz. If these
differences are real then the simplest interpretation would be
that the solar radius needs to be decreased by about 203 km
as compared to the standard value. This error is sufficiently
large to affect the standard solar models and the correspond-
ing inversion results at a level which is much larger than the
statistical errors in inversions. With availability of better data,
f-mode frequencies can be used to provide an independent es-
timate of the solar radius and its variation with time.
The f-mode splittings have also been determined from the
GONG power spectra for ℓ ≤ 150. These splittings provide an
independent measure of solar surface rotation rate, which ap-
pears to be close to that obtained from doppler measurements.
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